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in 1995,4 which utilized a genetic algorithm with specially
designed “cut and splice” operation in “crossover” (cutting
through a random plane that passes the mass center of the
cluster to generate child populations). The GM can be
identified after 5000 genetic operations (four genetic
populations), in a total of 20000 steps (minima). However,
such operations cannot be applied generally to other covalent
bonding systems, such as organic molecules, and thus different
systems would require specific implementation of the crossover
strategy.

In 2013, the SSW method developed by our group made
important progress in exploring the PES of carbon clusters
including C60. Initiating from random structures, SSW takes
12354 minima on average to identify C60 GM.18 The local
minima energetically close to the GM but not satisfying the
isolated pentagon rule (IPR) are the major trapping states to
SSW, where the representative Stone−Wales reconstruction
needs to overcome a 5 eV barrier.18,20,21 After the success in
C60, SSW was then utilized for searching larger size carbon
clusters, up to C100, which shows that SSW efficiency drops
significantly with the increase of cluster size. For example, in
searching for C96 GM, SSW needs 144597 steps on average,
more than 10 times slower than that of C60.

18 With the global
PES exploration ability, SSW has been heavily utilized as the
tool of PES sampling in generating global neural network
potential for large-scale atomic simulation.22,23

To improve the efficiency of SSW in exploring corrugated
PES, here, we develop the local-softening SSW (LS-SSW)
method by introducing pairwise repulsive potentials to smooth
PES. These repulsive potentials are able to soften and globalize
the local hard modes that originated from short-range and
directional bonds and facilitate surmounting the high barrier in
the PES exploration. The LS-SSW method is implemented in
our LASP (large-scale atomic simulation with neural network
potential) program24,25 (www.lasphub.com). We demonstrate
the efficiency of the algorithm in the reaction sampling of a
molecular system (C4H6), the GM search of carbon clusters,
and the PES exploration of an iron-carbide solid (Fe7C3),
where the LS-SSW method outperforms markedly the original
SSW method. The advent of LS-SSW would further ease the
generation of global neural network potential and thus
facilitate the investigation of materials with a corrugated PES.

2. METHOD
To better illustrate the LS-SSW that inherits the basic modules
of the SSW method, we first review briefly the SSW method.11

The key challenge of SSW in exploring the PES is then
described and exemplified in tight-bonded systems. The
algorithm and implementation of LS-SSW are presented at
the end of this section.

2.1. Overview of SSW Method. One SSW step
constitutes three independent modules: climbing, relaxation,
and Metropolis Monto Carlo (MC), among which the
climbing plays the key role in overcoming the high barriers
on PES.

The climbing module implements bias-driven surface
walking along a softened direction, which can be schematically
summarized in Figure 1. In the procedure, we start with a
randomly generated mode direction Ni

0, which is a linear
combination of two randomly generated components, Ni

g and
Ni

l , with an adjustable λ parameter, as described in eq 1.

N N N N N( )/ ( )i i
g

i
l

i
g

i
l0 = + | + | (1)

In the equation, Ni
g is a normalized random direction

generated by Maxwell−Boltzmann velocity distribution under
300 K, a moving direction distributed on many atoms. It aims
to capture soft global movements. Ni

l is designed to mimic the
bond formation direction between two non-neighboring atoms,
which can be written as eq 2
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where qA and qB are the Cartesian coordinates of two randomly
selected atoms A and B whose distance is larger than 3 Å.

This initial mode Ni
0 is then operated by a biased dimer

rotation,26 which leads to a softened mode direction Ni
1. The

biased dimer rotation method, which was first invented in the
bias-potential-driven constrained Broyden dimer method (BP-
CBD) for transition state (TS) searching, is utilized here to
numerically rotate a random vector to be close to an
eigenvector of Hessian, which can be seen from eqs 3-6.26,27

R R N Rt1 0= + · (3)

C
F F N

R

( ) t0 1=
·

(4)

V V VR N1 real= + (5)

V
a

R R N
a

R N N
2

( )
2

( )N i t i1 0
0 2 0 2= ·[ · ] = · · ·

(6)

Equations 3 and 4 are from the original dimer rotation
method,28−30 which utilizes two structural images, R1 and R0
separated by a fixed small distance ΔR (e.g., 0.005 Å), a so-
called dimer, to numerically identify a second derivative C
(curvature) on the PES. The forces on these two images, F0
and F1, perpendicular to the dimer direction Ntdrive the
rotation, and the rotation should stop when Ntconverges to an
eigenvector of Hessian. The dimer method, however, often
ends up with the softest eigenvector, which is not useful for
PES exploration. The biased dimer rotation is thus introduced
to solve the problem, where the PES of R1, VR1, is modified by

Figure 1. Illustration of the SSW algorithm on 1D PES. Lines in blue,
purple, yellow, and green represent the real PES, PES modified by
Gaussian functions, Gaussian functions, and searching trajectory
separately.
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a quadratic function VN in eqs 5and 6 to avoid losing
completely the initial direction Ni

0 in rotation. As long as the
quadratic bias VN is large enough as controlled by the factor a,
the information on the Ni

0 can be largely preserved and thus
the biased dimer rotation can be considered as a numerical
method to softening a random mode. The physics behind the
mode softening is a common observation in PES exploration,
which states that the low barrier reaction is along the soft
mode, and by following the soft mode of low barrier reactions,
it has a high chance to find the lower energy minima.31 −34

To move a minimum configuration Ri
m to a high energy one

Ri
H , a series of Gaussian bias potentials vn (n = 1, 2, 3···H) are

applied to the real PES one by one consecutively in the
softened mode direction Ni

n, as shown in Figure 1 (blue curve
represents the real PES; purple curve is the PES modified by
Gaussian functions; yellow curves are Gaussian functions; and
the green curve is the searching trajectory). The modified PES
can thus be written in eq 7. After the addition of each Gaussian
function vn (eq 8) with the height wn and width ds, a small
displacement ds along Ni

n is immediately conducted on Rt
n 1

that is followed by a local relaxation to obtain a new local
minimum Rt

n on the modified PES.35

V V vm to H
n

H

nreal
1

= +
= (7)

v w R R N dsexp (( ) ) / (2 )n n
t

t
n

i
n1 2 2= × [ · × ] (8)

It should be noted that the mode direction needs always be
corrected at each Rt

n by using the biased dimer rotation that
yields the new Ni

n 1+ .
After the climbing module, a high energy configuration Ri

H

is reached and the full relaxation is then performed by
removing all Gaussian bias. Once a minimum Ri

mt is reached,
the Metropolis MC36 using eq 9 is utilized to decide whether
to accept or reject the new minimum according to the energy E
of the minima.
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2.2. Major Challenges to the SSW Method. The success
of the SSW method in exploring global PES lies critically in its
unique PES climbing mechanism, where the structure is
perturbed along a softened random direction that mimics a
reaction coordinate. The efficiency of the SSW depends on the
probability of capturing the reaction coordinates of important
rare events on the PES, which often correspond to specific
structural transformation patterns. It is thus always a concern
whether the initial randomly generated mode in SSW can
evolve into those specific modes of reactions after the biased
dimer rotation. Indeed, since the randomly generated mode
contains random movement of atoms in the whole system, the
probability becomes low when the desired reaction involves
the local reaction coordinate, specific to several atoms. This
issue becomes obvious in tight-bonded systems, where many
hard modes are present. These hard modes are associated with
strong local bonding and are localized on selected atoms. As
shown in Figure S1, we compare the mode space of a four-
atom cluster with the long-ranged and short-ranged Morse

potential. The short-ranged Morse potential cluster contains
much more localized modes with higher frequencies. This
explains why the GM of short-ranged Morse potential clusters
is considerably more difficult to locate.37−39

In molecular systems, the hard and local modes are common
due to the presence of covalent bonds. Taking the PES of
C4H6 (cis-butadiene) as an example, the isomer bicyclo[1.1.0]-
butane, as shown in Figure 2, is difficult to be identified if SSW

starts from cis-butadiene (also see Section 3.1). The reaction
from cis-butadiene to bicyclo[1.1.0]butane involves the
antisymmetric twisting of the carbon skeleton in cis-butadiene,
which has a vibrational frequency of 728.8 cm−1. This
frequency is considerably larger than the soft mode (150.8
cm−1) linking the trans- and cis-butadiene. Consistently, this
twisting mode is mainly localized on two middle carbons with
20.4% and 20.4% contributions (less than 1% on terminal
carbons). During the reaction, this mode evolves to be
localized mainly on the terminal carbons (22.5%), reflecting
the dramatic variation of the local mode in reaction. A similar
phenomenon can be observed in the Stone−Wales rearrange-
ment of C60 that transforms the second lowest minimum (a
pentagon-adjacent minimum) to the buckyball GM, where the
transition state involves mainly the movement of two atoms
interconnecting the two pentagons. It is obvious that the
identification of the correct reaction coordinate from scratch is
a key challenge in exploring the corrugated PES.

In addition to the difficulty in identifying the local mode
with specific atom movement, the reactions associated with
these local modes often have a very high barrier, which is
apparently due to the strong local binding.32 As shown in
Figure 2, the barrier from cis-butadiene to bicyclo[1.1.0]butane
is as high as 3.99 eV from DFT. The Stone−Wales
rearrangement of the C60 cluster is even higher, being 5
eV,18,20,21 which is in accordance with the fact that these
reactions occur at very high temperatures. While SSW can, in
principle, surmount the high barriers between nearby minima
in PES exploration, a large funnel with a high overall barrier is
still a major challenge as the distance to escape the trapping
minimum is too long to climb in SSW.

Figure 2. Intensity distribution of the vibrational mode triggering the
high barrier reaction between cis-butadiene and bicyclo[1.1.0]butane
(a C4H6 isomerization reaction). The reaction is associated with the
antisymmetric twisting mode highly localized in the two middle
carbons of cis-butadiene (20.4%). This reaction mode evolves to be
mainly on the terminal carbons (22.5%) at the transition state (TS).
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2.3. LS-SSW Method. The key idea of the LS-SSW
method is to soften and globalize the vibrational modes
relating to local atomic movements. The algorithm of the LS-
SSW method is outlined in the following. Compared to the
SSW method, one additional module, namely local softening, is
introduced and the four modules in LS-SSW, in the execution
sequence, are the local softening, climbing, relaxation, and
Metropolis MC. The mechanism of LS-SSW is illustrated
schematically in Figure 3a.

LS-SSW starts from a local softening step where the real PES
Vreal is transformed to a modified one Vreal by adding atom-wise
penalty function VLS as shown in eq 10,

V V V V V
p

N
p

real real LS real
1

LS

a

= + = +
= (10)

where Na is the number of atoms in the system. For an atom p,
its Vp

LS can be further expanded into a series of pairwise penalty
functions between the center atom p and its neighbors q

N1, 2 p
nei{ ··· } . The penalty function takes the form of a

Buckingham repulsive potential, as shown in eq 11.
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At the initial configuration Rt
0, we can see VLS per atom, VLS,

is proportional to the sum of all Apq in pair potentials, as shown
in eq 12.
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In eq 11, this neighbor list of an atom is established based on
the initial configuration Rt

0 and remains unchanged within one
SSW step. In the Buckingham potential, rpq is the distance
between atoms p and q, rpq

0 is the equilibrium distance at the
initial configuration Rt

0, and ξ is a decaying coefficient,
controlling the decaying of the potential at long rpq distances (ξ
= 0.2 in this work). The penalty strength Apq is the critical
parameter influencing the local softening strength. Obviously, a
too large Apq may lead to too aggressive structure deformation
that destroys the energetically preferred structure patterns, and
with a too small Apq, LS-SSW restores SSW. Therefore, we
design a self-adaption mechanism to adjust Apq on-the-fly of
LS-SSW search, which makes Apq a step-dependent variable,
i.e., Apq

i . The initial value of Apq is set as a fraction (3% in our
work) of the standard pairwise bond energy Epq (e.g., the
standard C−C binding energy is ∼3.61 eV),40 and it is then
autoadjusted during the LS-SSW procedure.

After adding the penalty function, the initial structure Rt
0 in

the transformed PES described by eq 11 is no long a minimum
and thus we reoptimize the structure to a new local minimum
Rt

0 . The effective penalty energy PLS per atom can thus be
obtained quantitatively by measuring energy change of the
reoptimization (the energy difference between Rt

0 and Rt
0 on

the real PES). This reflects the response of the system to the
local penalty function VLS.

The subsequent climbing module in LS-SSW is basically the
same as that in SSW, except that the PES is now modified as
shown in eq 13 to replace the original eq 7.

V V v V V vm H
n

H

n
n

H

nto real
1

real LS
1

= + = + +
= = (13)

At the end of climbing, both the penalty potential VLS and
Gaussian functions vn

H
n1= are removed, and the relaxation of

the high-energy configuration will generate the new minimum,
where the Metropolis MC module is utilized to decide the
acceptance in the same way as the SSW method.

In LS-SSW search, PLS of each SSW step is recorded and can
be utilized to regulate Apq to approach a target atomic penalty
energy Y. In the (i + 1)th SSW step, one can get the Vi

LS
1+

based on the (i)th SSW step Vi
LS using eq 14,

V V P Y( )i i i
LS

1
LS LS=+ (14)

where λ is the step-length parameter (set as 1.8 in LS-SSW).
By substituting eq 12 into eq 14 and considering that Apq is

Figure 3. Illustration of the LS-SSW workflow. (a) An illustration of
the LS-SSW algorithm in 1D-PES. Lines in blue, red, purple, yellow,
and green represent the real PES, PES modified by penalty potential,
PES modified by penalty potential and Gaussian functions, Gaussian
functions, and searching trajectory separately. (b) Schematic
flowcharts of SSW and LS-SSW. Compared to SSW, LS-SSW has
two new modules: local-softening and self-adaption.
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defined to be proportional to Epq, we can derive the self-
adaption equation for the updated Apq

i 1+ , as shown in eq 15.
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where Np i
nei

, and Np i
nei

, 1+ come from the neighbor list established
in (i)th and (i + 1)th steps, respectively. It should be
mentioned that the target atomic penalty energy Y can be set
in a wide range from 0.01 to 1 eV/atom depending on the
purpose of PES exploration. In Table S1, we have compared
the efficiency of GM finding by setting different target atomic
penalty energy Y, which shows that the efficiency of LS-SSW is
not sensitive to the magnitude of Apq in a large window. The
self-adaption mechanism can lead the PLS quickly approach and
oscillate around the target Y within typically 100 SSW steps
(see Figure S2).

2.4. Flowchart of LS-SSW. Figure 3b shows the flowchart
of LS-SSW (right) in our implementation in the LASP
code,24,25 which is compared with that of SSW (left). It is
elaborated as follows.

Step 1: establish the neighbor list and add the penalty
potential VLS to the initial minimum configuration Ri

m. Set
R Rt i

m0 = and n = 1.
Step 2: optimize Rt

0 on the modified PES to the minimum

Rt
0 by using the l-BFGS method.35

Step 3: generate the initial mode direction Ni
0

ˆ
and refine it

to Ni
nˆ

by using the biased dimer rotation method.

Step 4: apply the nth Gaussian function and move Rt
n 1

ˆ
with

a displacement ds along the Ni
nˆ

direction.
Step 5: locally relax the displaced configuration

R dsN( )t
n

i
n1 + ·

ˆˆ
to a new local minimum Rt

n.
Step 6: repeat the above steps 3−5 until the number of

Gaussians “n” reaches the maximum H.
Step 7: remove the penalty potential VLS and all Gaussian

functions vn
H

n1= from the modified PES, and perform the
fully relaxation from the current configuration Rt

H to a new
minimum on the real PES Ri

mt .

Step 8: accept or reject Ri
mt according to the Metropolis MC

scheme. If accepted, replace Ri
m with Ri

mt .
Step 9: repeat the above steps 1−8 until the maximum SSW

step is reached.
2.5. Illustration of LS-SSW in Model PES. To illustrate

LS-SSW, we now utilize a 2-D model PES, Wolfe−Quapp
function41,42 (W−Q function, eq 16) to show how the penalty
potential VLS can change the pathway on PES. The original
contour map of W−Q PES can be found in Figure 4a, where x
and y can be regarded as two orthogonal reaction coordinates.
There are three local minima on the landscape, two more
stable ones, IS (x = 2.00, y = 4.48) and FS (x = 4.29, y = 1.51)
and a metastable MS-1 (x = 2.35, y = 1.63). Two transition
states, TS-1 and TS-2, are also denoted on the plot, which
define two distinct pathways connecting IS and FS, IS−TS-1−
MS-1−FS (Path-I) and IS−TS-2−FS (Path-II), respectively.
Path-I has a lower transition barrier compared to the Path-II.

V x y x y x

y x y

x y

( , ) ( 3.17) ( 3) 2( 3.17)

4( 3) ( 3.17)( 3)

0.3( 3.17) 0.1( 3)

real
4 4 2

2

= +
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+ + (16)

V x y A( , ) e
x

LS
2

0.2 2= × × (17)

By introducing VLS along x direction using eq 17, we can
modify the W−Q landscape, as shown in Figure 4b,c (also see
Figure S3) with the penalty strength A of VLS varies from 2 to
10. It can be found that as A increases, the IS is destabilized
gradually and the kinetically favored channel shifts from Path-I
to Path-II for A above 2. From A = 2 to 6, Path-I gradually
disappears and shifts closer to Path-II. Accompanied by the
pathway change, a new metastable minimum MS-2 emerges at
A = 5.0, the original MS-1 and IS disappear at A = 2.0 (Figure
S3) and A = 10.0, respectively.

Figure 4d shows the variation of the lowest energy barrier
from IS to FS and the corresponding reaction mode at the IS.
Not surprisingly, in the presence of the VLS, the barrier (red
line) drops rapidly with the increase of the penalty strength A,
which is combination with the softening of the reaction mode,
as indicated by its frequency ω (blue line). This figure
demonstrates that the penalty potential VLS imposed along the
x direction can selectively soften the reaction mode along the x
direction and promote the specific reaction channel (Path-II)
by reducing the barrier height.

Figure 4. W−Q PES with a local softening penalty potential. (a)−(c) 2-D W−Q PES landscape contour map modified by the local softening
penalty potential (eq 17), with A being 0.0, 5.0, and 10.0, respectively. Two reaction channels, path-I and path-II, connect the minimum IS and FS,
and path-I is kinetically preferred. From (a) to (b), path-II becomes the kinetically preferred channel and the intermediate state MS1 in path-I is
destabilized and then disappeared, accompanied by the emergence of a new local minimum MS2. (d) The variation of barriers (Ea) and the mode
frequencies (ω) at the starting point in the lowest-barrier path with the local softening potential increasing from A = 0.0 to A = 10.0. At point c,
MS2 is the starting point of the path.
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3. RESULTS AND DISCUSSIONS
3.1. C4H6 Transformation Reactions. We now applied

LS-SSW to the PES of C4H6 molecules, aiming to identify as
many isomers as possible. Our PES search starts from trans-
butadiene, the most stable isomer, and 400 minima are visited
using both SSW and LS-SSW methods in combination with
density functional theory calculations (GGA-PBE functional)
to evaluate the PES. In LS-SSW, the penalty potential utilized
is Υ = 0.7 eV/atom, and the other setups are the same in the
SSW and LS-SSW simulations (e.g., the Monte Carlo
temperature, number of Gaussian functions, and Gaussian
width ds in the SSW climbing are set to be 150 K, 25, and 0.1
Å separately, and their input files for LASP jobs are included in
Section S5). After SSW/LS-SSW simulations, we collect all
reactions and locate the TSs by the double-ended surface
walking (DESW) method.43 All results are summarized in
Figure 5 and elaborated in the following.

Figure 5a summarizes all the isomers and their connecting
pathways identified from SSW/LS-SSW trajectories, with the
red curve representing those identified by both SSW and LS-

SSW, and the blue curve representing those identified solely
from LS-SSW. SSW identified only 3 new isomers apart from
the initial trans-butadiene (A), namely cis-butadiene (B),
cyclobutene (D), and bicyclo[1.1.0]butane (E). Their reaction
barriers for A → B, B → D, and B → E are determined to be
0.33, 1.87, and 4.14 eV, respectively. In addition to these 3
isomers, LS-SSW identified 6 more isomers, namely, buta-1,2-
diene (C), 1-methylcycloprop-1-ene (F), but-1-en-3-yne with
hydrogen (G), 3-methylenecycloprop-1-ene with hydrogen
(H), ring-broken 3-methylcycloprop-1-ene (I), and methyl-
cyclopropane biradical (J). The G−J isomers are high energy
states with the energy being >2 eV higher than that of trans-
butadiene, which is reasonable as G and H are dissociated
products with H2 molecules, and I and J contain radicals. The
pathways identified from SSW/LS-SSW are as follows: B → H,
C → B, C → F, C → G, D → A, D → C, D → E, D → I, and D
→ J, from which the reaction barriers are calculated to be in a
range from 2.80 to 5.19 eV.

Figure 5b shows the statistics for the transition times
between the isomers. In SSW, there are only 2 times bond-

Figure 5. PES explorations on C4H6 molecules using SSW and LS-SSW starting from trans-butadiene. (a) Reactions identified from SSW and LS-
SSW on C4H6 PES within 400 steps. Ten conformations are located, which are trans-butadiene (A), cis-butadiene (B), buta-1,2-diene (C),
cyclobutene (D), bicycle[1.1.0]butane (E), 1-methylcycloprop-1-ene (F), but-1-en-3-yne with hydrogen (G), 3-methylenecycloprop-1-ene with
hydrogen (H), ring-broken 3-methylcycloprop-1-ene (I), and methylcyclopropane biradical (J). Red lines: pathways identified by both SSW and
LS-SSW; blue lines: pathways identified only from LS-SSW. (b) Column plot for the times in identifying the associated reactions. N.R. means that
no bond making or breaking reaction happens, including the conformation change between A and B and those remaining in the same conformation
in one (LS-)SSW step. (c) Vibrational frequency spectra of cis-butadiene in the original PES (SSW) and the PES with local softening (LS-SSW).
Modes I, II, V correspond to B → A, B → D, and B → E reactions, respectively, as shown by the major eigenvectors.
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making/breaking reactions occur, being two times for B → D
and once for B → E. The conformation change, e.g., cis-to-
trans transformation, dominates most of the SSW search, being
397 times. The LS-SSW simulation greatly increases the
chance to observe the bond-making/breaking reactions. There
are 19 such reactions, where B → D happens 6 times, C → F
occurs 4 times and once for each of the others including B →
E, B → H, C → B, C → G, D → A, D → C, D → E, D → I and
D → J.

From the SSW/LS-SSW trajectories, we found that cis-
butadiene (B) serves as a key intermediate connecting to other
isomers. In SSW, the PES exploration from B facially falls back
to A, which leads to low efficiency in detecting other likely
reaction. To figure out how LS-SSW affects the PES search
from B, we compute the vibrational frequency spectrum of B
before and after the penalty potential, which are compared in
Figure 5c using the five lowest frequency modes. We found
that the modes I (150.8 cm−1), II (260.2 cm−1), and V (728.8
cm−1) are related to the atomic movement in forming A, D,
and E isomers, respectively. Specifically, mode I, the softest
one, is a dihedral rotation of the carbon skeleton,
corresponding to the cis-to-trans conversion (B → A); mode
II corresponds to the conversion to cyclobutene (B → D),
involving the ring closure movement of terminal carbons; and
mode V corresponds to the reaction to bicyclo[1.1.0]butane
(B → E), involving the antisymmetric twisting of the carbon
skeleton to create two three-member rings where two new
bonds form between the next nearest carbons in the cis-
butadiene skeleton. From the spectrum, it is no wonder that B
→ A transformation occurs frequently since the reaction is
associated with the softest mode I.

After applying the penalty potential, we found that all modes
are softened. For example, the frequency of mode II, which is
associated with the B → D reaction, drops by 78.5 cm−1. By
projecting the softened modes to the original modes, we found
that the softened mode II has a 0.25% proportion of the
original mode I, indicating the delocalization of the softened
mode II. This explains that B → D occurs more frequently (by
6 times) in LS-SSW than that in SSW. Similarly, with the
penalty potential, the frequency of mode V decreases by 217.6
cm−1, and the softened mode V comes from both the original
mode V (62.39%) and mode VII (36.16%). As a result, the
reaction probability to isomer E also increases by 2 times in
LS-SSW.

3.2. GM Search of Carbon Clusters. Apart from
enhancing the reaction pathway search, LS-SSW can also
expedite the GM search. Here, we illustrate global optimization
efficiency of LS-SSW in carbon clusters, as represented by C60,
C70, and C90. The GMs of these carbon clusters are all
buckyballs satisfying the isolated pentagonal rule (IPR).44 Our
global optimization initiates from a random configuration, and

the C−H−O global neural network potential (G-NN) from
LASP potential library is utilized for PES evaluation (detailed
in Supporting Information G-NN potentials) For comparison,
both SSW and LS-SSW simulations utilize the same set of SSW
parameters, and the penalty potential is set as 0.02 eV/atom
for C60 and 0.04 eV/atom for C70 and C90. We note that to
achieve a high efficiency of global optimization, the penalty
potential should not be large since the low energy structures
are desirable. This is different from reaction sampling, where
the penalty potential can be as high as 1 eV/atom. Our results
for the GM finding efficiency of SSW and LS-SSW are
summarized in Table 1, including the success rate in finding
the GM within the allowed maximum SSW steps (Nsucc/Nrun,
the number of successful trajectories divided by the total
number of trajectories), the required steps for locating GM in
the shortest trajectory (NSSW), the steps on average in locating
GM of all trajectories (Nave), and the reduction of Nave in LS-
SSW (C%).

Table 1 shows that, not surprisingly, with the increase of the
carbon cluster size, it becomes increasingly difficult to identify
the GM. This reflects the exponential correlation between the
PES complexity and the degrees of freedom.18 Compared with
SSW, we found that LS-SSW can markedly improve the GM
location efficiency. First, the success rate in SSW from C60 to
C90 drops from 20/20 to 4/10 and to 2/10, while it in LS-SSW
is 20/20 and 10/10 for C60 and C70 and remains high, 6/10 for
C90. Second, the average step Nave for locating GM increases by
6.3 times in SSW from C60 to C70 and by 7.8 times from C60 to
C90, while these values are 1.7 and 6.1 in LS-SSW.
Consistently, the computational cost for the GM identification
reduces by 8.8%, 75.1%, and 28.8% for the C60, C70, and C90 in
LS-SSW (see C%).

We can take C60 as an example to compare LS-SSW global
PES exploration efficiency in finding the GM with that from
other methods, where the literature data is available. The
simulated annealing MD initiates from a hollow spherical
conformation similar to the GM (biased search) but still
demands ∼108 times energy/force calculations (200 ns) to
locate the GM.16 As for metadynamics with SPRINT CVs
(biased search), the cost is cut down to 2.9 × 106 energy/force
calculation times (222.2 ps), but the obtained buckyball
fullerene still preserves some misplaced pentagons as defects.17

The cost in the unbiased GA search is also immense, 20000
minima are visited until the GM is identified.4 For comparison,
LS-SSW requires only 2.2 × 106 energy/force calculation times
on average (4881 minima), which is 45, 1.3, and 4.1 times
faster than the simulated annealing MD, metadynamics, and
GA.

To better understand how LS-SSW enhances the GM
search, we analyzed the GM search trajectories of C70 from
SSW and LS-SSW, both using the fifth fastest trajectory of the

Table 1. Statistics for the GM Search of Carbon Fullerenes (Cn) using SSW and LS-SSWa

SSW LS-SSW

n EGM/eV Nsucc/Nrun NSSW
b Nave

c Ncalc
d Nsucc/Nrun NSSW Nave Ncalc C%e

60 −531.161 20/20 786 5353f 2.4 × 106 20/20 1800 4881f 2.2 × 106 8.8%
70 −620.460 4/10 3184 33954 2.5 × 107 10/10 1244 8461 4.6 × 106 75.1%
90 −801.069 2/10 7055 41719 3.3 × 107 6/10 5289 29691 1.4 × 107 28.8%

aThe maximum allowed SSW step of all runs is set as 50000 steps. bNSSW is the SSW steps for the shortest trajectory to locate GM. cNave is the
averaged SSW steps required for locating GM. dNcalc is the averaged energy/force evaluation times for locating GM. eC% is the reduction of Nave
in LS-SSW compared to SSW. fFor comparison, the C60 GM finding requires ∼108 energy/force calculation times by using simulated annealing
MD (initiating from a hollow sphere),16 2.9 × 106 times by metadynamics (ended up with buckyball with defects),17 and 20000 minima from GA.4
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GM finding among the 10 trajectories. The results are shown
in Figure 6a. We found that from a random configuration, both
SSW and LS-SSW can quickly arrive at a nest structure (A)
within 250 steps, which contains 2 hexagons and 4 pentagons.
SSW then optimizes structure A toward large ring structures,
including the crossed-ring structure B after 1500 steps and
single-ring structure C at the end of 7000 steps, suggesting the
tendency of the local trapping at the single-ring structure. On
the other hand, LS-SSW bifurcates at the structure A toward
the formation of more hexagon and pentagon rings. The
structure D with 2 hexagons and 5 pentagons is formed at 250
steps, and it becomes the first buckyball-like sphere structure E
after 350 steps, where a large number of defects, such as
quadrilaterals, heptagons and misplaced pentagons, are present
on the sphere surface. These defects are gradually excluded,
and the GM of C70 (F) is reached at the 4631th step.

Figure 6a indicates that compared to SSW, LS-SSW can
better capture the small ring closure reactions in forming
hexagons and pentagons. This is because the modes that
trigger the small ring closure reactions are generally local
modes, where SSW meets difficulty in identifying . The penalty
potential applied in LS-SSW helps to delocalize these local
modes, allowing them to be identified via random mode
generation. Apparently, the tendency to form small rings allows
LS-SSW to identify the buckyball GM more efficiently.

Finally, we have also challenged LS-SSW to explore the PES
of C360 by starting from a nanodiamond cuboid (0.693 × 0.693
× 1.198 nm size). The nanodiamond with all carbons being sp3

hybridized is a regularly used precursor for carbon nanostruc-
ture synthesis.45−47 By using LS-SSW, we perform 10
independent global explorations with the AIREBO potential48

for PES evaluation. The lowest energy structures from the 10
trajectories at a given step are taken to plot Figure 6b. We
found that after 20000 steps, LS-SSW identified an onion
structure with three nest carbon spheres, C38, C110, and C212,
i.e., C38@C110@C212, which indicates that the nano-onion
structure is the most stable configuration for medium-sized
carbon clusters. Although 20000 SSW steps are not enough to
identify the GM of such a large system, LS-SSW does provide
important clues for the carbon nanostructure growth.

Figure 6b shows that the global optimization experiences
three stages (I−III), which could be assigned to the three
stages of carbon onion growth in synthesis, respectively,
namely amorphization, graphitization, and maturation.49,50

The stage I occurs rapidly within the first 300 steps in
optimization, which is accompanied by a huge energy drop.
The sp3 carbon atoms in nanodiamond transform to sp2/sp3-
mixed (84%/13%) amorphous carbons, propagating from the
cluster surface to the core region. Such a surface-to-core
transformation has indeed been observed in HRTEM by Zhao
et al.49 Stage II marks the initial formation of a spherical

Figure 6. Global optimizations of carbon clusters. (a) Typical trajectories in C70 global optimizations by SSW and LS-SSW initiating from random
configurations. A, B, C come from SSW trajectory and D, E, and F are from LS-SSW trajectory. (b) Trajectory of C360 global optimization by LS-
SSW initiating from a nanodiamond cuboid (left). Typical structures at the three stages of global optimization are shown along the trajectory. The
sp3 carbon is defined as the carbon atom with 4 coordinations, and the coordination bond angles being within 109 ± 5°. The sp2 carbon is defined
as the carbon atom with 3 coordinations and the coordination bond angles being within 120 ± 5°.
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cluster, corresponding to 300−1000 LS-SSW steps, where the
energy still drops quickly. In this stage, three onion layers grow
from the amorphous structure and separate from each other.
There is still a fraction of sp3 carbons (7.3%) and a few IPR-
violation ring patterns in the onion structure. Stage III,
occurring after 1000 steps, spends the longest time but has a
relatively small energy change. In this period, defects are
gradually removed as driven by thermodynamics, and at the
end of 20000 steps, only 2.4% sp3 carbons and 16% IPR-
violation sp2 carbons are left.

Experimentally, it was observed that 2−12 nm nano-
diamonds transform to amorphous carbons in a vacuum
when the temperature is higher than 600 °C and then start to
form carbon onions smaller than 5 nm at temperatures higher
than 1000 °C. When the annealing temperature is increased to
1200 °C, carbon clusters larger than 5 nm with up to 12 onion
layers are obtained. The defects such as the interlayered
linkages (sp3 carbon) are present in the carbon onions.49,50

These observations are generally in line with those in our LS-
SSW trajectory.

3.3. Fe7C3 Solid PES Exploration. Inherited from the
variable cell SSW,12 LS-SSW can also be applied to explore the
PES of periodic solid systems. In the following, we
demonstrate the efficiency of LS-SSW global exploration in a
tight-bonded system, a Fe7C3 solid. Unlike the Mn/Cr

carbides, Mn7C3/Cr7C3 with well-characterized crystal phases
(Pnma, #62 for Mn7C3,

51 Pnma, #62 and P63mc, #186 for
Cr7C3

52 −54 ), Fe carbide Fe7C3 is unclear on the stable crystal
phases, as it forms in situ under Fischer−Tropsch synthesis
conditions,55−57 mixing with other Fe carbides (e.g., Fe5C2,
Fe2C). From the previous work, there are at least four low
energy crystal structures, namely, h-Fe7C3 (P63mc, #186)
phase, o-Fe7C3 (Pnma, #62), o-Fe7C3-II phase (o-II phase,
Pnma, #62), and hcp phase (C2/c, #15), as depicted in Figure
7a. The h-Fe7C3 and o-Fe7C3 follow the crystal structure of
Mn/Cr7C3, with all triangular prismatic Fe−C coordination.
Our recent SSW global search shows that a new o-II phase,
also with all triangular prismatic Fe−C coordination, is, in fact,
more stable than the previously proposed models. In addition
to these triangular prismatic phases, there is an hcp phase (C2/
c, #15) with all octahedral Fe−C coordination, which appears
to be the major structure funnel on the PES. The relative
energies of these four phases (from DFT PBE calculation) are
0.20 (h-Fe7C3), 0.02 (o-Fe7C3), 0.00 (o-II), and 0.03 eV/f.u.
(hcp phase). Considering the highly complex PES of the Fe7C3
solid,58 it deserves an in-depth PES scan using LS-SSW.

Our PES exploration starts from the hcp phase, and 20
independent runs are conducted for both SSW and LS-SSW.
The Fe−C−H−O G-NN from the LASP potential library is
utilized for PES evaluation (see Supporting Information for

Figure 7. Global PES exploration for the Fe7C3 solid. (a) Four important crystalline structures of Fe7C3, including o-Fe7C3-II (o-II, GM, Pnma,
#62, a = 4.96 Å, b = 16.19 Å, c = 4.54 Å), o-Fe7C3 (Pnma, #62, a = 4.51 Å, b = 6.84 Å, c = 11.74 Å), h-Fe7C3 (P63mc, #186, a = b = 6.85 Å, c = 4.45
Å), and the hcp phase (C2/c, #15, a = 16.26 Å, b = 4.67 Å, c = 5.13 Å). Fe: orange, C: gray. Fe atoms in different layers are plotted in different
colors (yellow, blue, green, red, cyan, and purple). (b) Success rate of GM finding versus SSW steps using SSW and LS-SSW, both initiating from
the hcp phase. (c) and (d) Distance-weighted Steinhart OP4-energy contours for PES landscapes obtained by 20000-step SSW (c) and LS-SSW
(d). The important structures, including o-II, o-Fe7C3, h-Fe7C3, hcp phase, Str1, Str2, M1, M2, and α phase are denoted in the plot. Shown on the
top are the density of states (DOS) of low-energy phases (<0.25 eV/f.u.) visited in PES explorations. The pathway with the lowest barrier to escape
the hcp phase, hcp−M1−M2−α, is displayed in (d) in the dash line.
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details of G-NN potentials). In LS-SSW, we set the value of Υ
as 0.01 eV/atom with the penalty potential applied to the tight-
bonded pairs, Fe−C and C−C pairs. The other settings are the
same between SSW and LS-SSW. Figure 7b,c summarizes the
GM finding success rate versus SSW steps and the global PES
landscapes from SSW and LS-SSW, respectively.

Figure 7b shows that LS-SSW speeds up the GM finding by
about three times with a 50% success rate to identify the GM
5429 steps for LS-SSW and 17926 steps for SSW. In addition,
in the 20 tasks, SSW only has 60% of tasks that can identify the
GM with 20000 steps, while that for LS-SSW is 100%. This
suggests that LS-SSW greatly improves the conversion
efficiency between the hcp phase and the o-II phase, where
the Fe−C coordination needs to change from the octahedral
pattern to the triangular prismatic pattern. The high efficiency
of LS-SSW can be better understood by monitoring the
obtained global PES as shown in Figure 7c,d, which are the
contour maps of the minima visited by SSW and LS-SSW in
20000 steps using the energy (E) and the structure fingerprint
(distance-weighted Steinhart order parameter OP with L = 459

). The density of the states (DOS) of low-energy crystalline
structures (<0.25 eV per formula unit, eV/f.u.) is plotted on
the top of the figure, which shows the relative density of the
lowest energy structures.

Figure 7c,d shows that there are at least four funnels at the
bottom of the PES, corresponding to o-II, Str1, Str2, and hcp
phases. Both Str1 and Str2 can be regarded as the mixture
phase of the o-II and hcp phases (the structures are shown in
Figure S4) containing phase boundaries. In Str1, 3/4 Fe atoms
take prismatic Fe−C coordination and the other 1/4 Fe atoms
are in octahedral Fe−C coordination. In Str2, the ratio of
prismatically coordinated to octahedrally coordinated Fe atoms
is 3:4. The amorphous region with disordered structures is
about 0.25 eV/f.u. higher than the GM, where the DOS is red
colored. It should be noted that h-Fe7C3 and o-Fe7C3 are
visited only one or two times in these SSW/LS-SSW runs
starting from the hcp phase, suggesting that they are present in
other funnels.

By comparing the global PES from SSW and LS-SSW, one
can conclude that LS-SSW can not only explore more widely
on the PES as reflected by the larger area of the global PES but
also visit more frequently the low energy structures. The low
energy DOS shown on the top indicates clearly that the SSW
mainly visits the hcp phase with few chances to identify o-II,
Str1, and Str2. On the contrary, LS-SSW has much more
chances to visit the other minima, particularly o-II and Str1
with the DOS comparable with that of the hcp phase.

Since the hcp phase appears to be the key trapping state on
the global PES, it is interesting to search for the transition
pathway from the hcp phase to the neighboring low energy
phases, which should shed light on the origin of the trapping.
To this end, we utilized the SSW reaction sampling (SSW-
RS)60 to explore 1000 reaction pathways linking to the hcp
phase and then the variable cell double-ended surface walking
(VC-DESW)61 to locate the TS of the solid phase transition
reactions. The lowest energy one within the 1000 pathways to
escape the hcp phase is outlined in Figure 7d (the dotted line),
which passes two intermediate states M1 and M2 and finally
reaches a high energy α phase that is close to the o-II phase.
The α phase has 1/3 triangular prisms and 2/3 augmented
triangular prisms in Fe−C coordination. The detailed phase
transition pathway and the structure snapshots are shown in
Figure S5. Apparently, the reaction barrier connecting the hcp

phase to the other low energy phases is very high, at least 0.51
eV/f.u., higher than the amorphization energy of the crystal
(∼0.25 eV/f.u.). We note that the highest-energy TS in the
pathway (TS3 of Figure S5 inset) already exhibits the
characteristics of structure disordering with mixture of 1/3
distorted triangular prisms, 1/3 distorted octahedrons, and 1/3
augmented triangular prisms in Fe−C coordination. Our
reaction pathway analysis therefore suggests that the high
barrier to leave the hcp phase causes the trapping of the hcp
phase.

By applying the same penalty potential as the LS-SSW global
search to each elementary reaction, we reexamined the
pathway and found that the overall reaction barrier can be
lowered by 0.21 eV/f.u., as shown in Figure S5 (blue line).
This picture coincides with what we observe in the model PES
shown in Figure 3a, where the penalty potential can effectively
reduce the reaction barrier by destabilizing the IS. This thus
rationalizes the higher efficiency of LS-SSW in exploring the
global PES by saving time of trapping.

4. CONCLUSION
To recap, this work develops a new generation of the SSW
method, namely, LS-SSW, for exploring the global PES of
tight-bonded systems. We outline the key difficulties in
exploring the corrugated PES, (i) identifying the correct
local mode from random-generated directions; (ii) overcoming
the high barrier associated with the local modes. By applying
the pairwise penalty potentials to covalently bonded neighbors
and implementing a self-adaption mechanism, we demonstrate
that both difficulties in exploring the corrugated PES can be
largely solved. The local mode is delocalized and softened,
which allows the LS-SSW to capture more efficiently the rare
events triggered by the local modes. The reaction barrier is also
simultaneously reduced due to the repulsive nature of the
penalty potential, which facilitates escape from deep local
minima.

We show that LS-SSW can be generally applied to
challenging PES problems, ranging from the reaction pathway
sampling to the GM finding and to the PES exploration of
solid systems, as illustrated in the three examples. In C4H6
molecules, LS-SSW can identify far more reactions between
different isomers compared to SSW; in carbon clusters, LS-
SSW can enhance the finding of the buckyball GM by up to
75% with greatly improve the success rate; in Fe7C3 material,
LS-SSW can be utilized to construct the global PES with a
higher probability of visiting different crystalline forms. We
expect that the material design from first-principles can benefit
greatly from LS-SSW, both in the global PES exploration and
in the generation of robust machine-learning potentials.
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